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ABSTRACT
We derive the four point correlation function involving four twist fields for
arbitrary even dimensional ZN × ZM orbifold compactifications. Using tech-
niques from the conformal field theory the three point correlation functions
with twist fields are determined. Both the choice of the modular background
(compatible with the twists) and of the (higher) twisted sectors involved are
fully general. Our results turn out to be target space duality invariant.
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1 Introduction
Toroidal Orbifolds [1, 2, 3] constitute a wide class of soluble string compactifications,
which have good phenomenological perspectives. Furthermore, in this class of models all
quantities of interest may be computed as functions of moduli deformations [4, 5]. This
makes it possible to relate some of these compactifications to N = 2 Landau–Ginzburg
models (LGMs) [6]: Their massless spectrum and Yukawa couplings can be compared.
These connections are constructed explicitly for the Z3 × Z3 orbifold in [7] whereas for
other models similar relations are done only at their critical points. At the critical points
LGMs become the Gepner models [8]. Lots of them are known to agree with their massless
spectra, couplings and discrete symmetries with ZN × ZM orbifold constructions at their
critical points [9, 10, 11]. The equivalence for arbitrary values of the moduli follows then
by applying marginal deformations. To investigate these relations in more detail it is very
important to know the Yukawa couplings to be able to make such a comparison.
Until now ZN orbifolds received most attention, but in fact the ZN × ZM orbifolds
are also very interesting, because they are the most general Abelian orbifolds leaving four
uncompactified dimensions and one unbroken supersymmetry [3]. ZN ×ZM orbifolds also
give rise to phenomenologically attractive string vacua [12]. Their couplings can be used
to make detailed phenomenological studies like calculations of quark and lepton masses
and mixing angles. In string theory these couplings receive moduli dependent instanton
corrections [13]. These non–perturbative effects lead to exponentially suppressed factors
that depend on the instanton action. This last property naturally yields hierarchies of
Yukawa couplings [13].
Recently the Yukawa couplings involving three twist fields were calculated for the
Z3 × Z3 orbifold in a particular region of moduli space. In the language of twisted
Narain compactifications this region is determined by setting the antisymmetric tensor
background field [14] to zero. A calculation of all bosonic ZN × ZM orbifold Yukawa
couplings with complete moduli dependence had not been done until now.
Whereas the Z3 × Z3 couplings can be calculated in the spirit of [13, 15, 16], for the
ZN × ZM orbifold couplings in general higher order twist fields appear. The calculation
of couplings involving higher order twist fields was initiated in [17] and completed in [18].
Apart from this, there are several new aspects to take into account for orbifolds with two
independent generators of the point group. It turns out to be useful to split the whole
target space into two dimensional complex subspaces and to calculate the couplings for all
these subspaces independently. This way the calculations can be reduced to ZM orbifold
calculations. For this splitting it is necessary to have a block–diagonal antisymmetric
background field. This not a restriction, at least for six dimensions, because none of the
ZN × ZM orbifolds in d = 6 allow any other structure [19]. It is also important to realize
that fixed planes appear already in the generating twists. In this short note we show how
the subtleties involved can be overcome and we give results for all the couplings in these
models.
The paper is organized as follows: In the second section we present the basic properties
of ZN × ZM orbifolds and derive the general four twist correlation function. We allow a
general target space metric and antisymmetric tensor field compatible with the twisting.
In section three we use operator product expansions for the twist fields to factorize the
four point correlation function and we calculate all three point couplings. In the last
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section we define a large class of modular duality transformations and show that all the
calculated couplings are invariant under this modular group, provided that the twisted
sector ground states are transformed appropriately.
2 The four point function
The class of ZN × ZM orbifold models considered here may be described by the action
[20]:
S(G,B) =
1
2π
∫
dzdz¯ ∂¯Xj(G+B)jk∂X
k . (2.1)
The coordinate fields Xj(z, z¯) describe the embedding of the string in the d–dimensional
compact target space, where d is assumed to be even. The constant target space metric
G and the antisymmetric background tensor B refer to the coordinate basis. As discussed
in [21, 16] G can be set to 1
2
1d via a coordinate transformation.
The point group of a ZN ×ZM orbifold has two independent generators denoted by Θ
and Ω (these will sometimes be referred to as the twists). The point group then is
{Θk
Θ
Ωk
Ω
| 0 ≤ kΘ < N , 0 ≤ kΩ < M} .
The eigenvalues of the generators are the phases θj = e
2piiαΘ
j , ωj = e
2piiαΩ
j , j =
1, . . . , d/2 respectively (and their complex conjugates) such that NαΘj ,Mα
Ω
j ∈ ZZ. The
twists are orthogonal with respect to the metric G. The fields X are subject to the twisted
boundary conditions:
X(e2piiz, e−2piiz¯) = (ΘX)(z, z¯) + 2πw
X(e2piiz, e−2piiz¯) = (ΩX)(z, z¯) + 2πw′ .
(2.2)
The translation vectors w,w′ belong to the lattice which describes the compact d dimen-
sional toroidal target space. From the theory of Abelian finite groups we know that M
must be divisible by N [3]. Additional restrictions arise because both twists must be
simultaneously automorphisms of the lattice Λ.
The embedding X is split into a classical instanton solution and a quantum fluctuation
part [13]:
Xj(z, z¯) = Xjcl(z, z¯) +X
j
qu(z, z¯) , j = 1, . . . , d , (2.3)
where Xjcl denotes a solution to the classical equation of motion ∂∂¯X
j(z, z¯) = 0 following
from (2.1). Xjqu describes the quantum fluctuations around these instantons.
Before we define the twist fields we have to realize how the group elements act on the
d dimensional target space. We chose the twists in their simplest 2 × 2 block diagonal
form. If we then pass to new complex coordinate fields
Y j(z, z¯) := X2j−1(z, z¯) + iX2j(z, z¯) , j = 1, . . . , d/2 , (2.4)
the twist operations become Y j 7→ θjY
j and Y j 7→ ωjY
j respectively. The action of the
twist Θk
Θ
Ωk
Ω
on the jth complex subspace can be represented in the form
θk
Θ
j ω
kΩ
j ≡ e
2pii(kΘ
j
+kΩ
j
) =: e2piikj , kj := [k
Θ
j + k
Ω
j ] = [k
ΘαΘj + k
ΩαΩj ] ∈ [0, 1) . (2.5)
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Since M is divisible by N this identity enables us to interpret the action of the twist as
a twist of a proper ZM orbifold.
A twist field is characterized by the sector (kΘ, kΩ) whose vacuum it creates and a
fixed point f satisfying Θk
Θ
Ωk
Ω
f = f + w , w ∈ Λ . The twist field is defined by its
operator product expansion (OPE) with the coordinate differentials e. g.:
∂Y j(z, z¯) σk
Θ, kΩ
f (w, w¯) = (z − w)
−(1−kΘ
j
−kΩ
j
)(τj)
kΘ, kΩ
f (w, w¯) + . . . (2.6)
Similar expressions may be found for ∂Y¯ , ∂¯Y, ∂¯Y¯ . On the right hand side of (2.6) a so
called excited twist field is introduced [22].
The adjoint of σk
Θ, kΩ
f is σ
−kΘ, −kΩ
f and their conformal weights are given by
hσ(kΘ, kΩ) = h¯
σ
(kΘ, kΩ) =
d/2∑
j=1
hσkj =
1
2
d/2∑
j=1
kj(1− kj) . (2.7)
This immediately follows due to the ZM representation (2.5) of Θ
kΘΩk
Ω
and [22]. These
twist fields are in general not twist invariant and are therefore not physical fields. One has
to construct twist invariant linear combinations. Since the physical twist fields are linear
combinations of the usual, we may for simplicity only consider the latter in the following.
All the results are easily extended to couplings involving the twist invariant operators.
The twist field σk
Θ, kΩ
f (0, 0) imposes the boundary condition
Xcl(e
2piiz, e−2piiz¯) = (Θk
Θ
Ωk
Ω
Xcl)(z, z¯) + 2πw (2.8)
on the classical field and also on the full field. Therefore the quantum part only feels the
local monodromy:
Xqu(e
2piiz, e−2piiz¯) = (Θk
Θ
Ωk
Ω
Xqu)(z, z¯) . (2.9)
In general the instanton solutions of the equations of motion Ycl receive branch point
singularities as a consequence of the twisted boundary conditions (2.8). E. g. ∂Y j(e2piiz) =
e2piikj∂Y j(z).
In [16] it is shown that (2.1) is only consistent with (2.8) if one requires for the an-
tisymmetric tensor field B that [B,Θ] = 0 and [B,Ω] = 0. These equations put strong
restrictions on the number of possible independent parameters of the B field [23]. For
the six dimensional ZN × ZM orbifold compactifications [3] the twists Θ,Ω leave fixed
always at least one plane. By this fact one gets the block diagonal structure of B which
is necessary for the factorization of the theory into three independent complex subspaces
[19]. Therefore one has only three untwisted (1, 1)–moduli in six dimensions. For that
reason we assume a block diagonal structure of B in d dimensions, too. One could also
consider discrete torsion [3] but for these cases the action (2.1) is no longer appropriate.
We begin by calculating the four twist correlation function
Z{fi}(x, x¯) = lim
|z∞|→∞
|z∞|
4hσ
(lΘ, lΩ) 〈σ−k
Θ, −kΩ
f1
(0, 0)σk
Θ, kΩ
f2
(x, x¯)σ−l
Θ, −lΩ
f3
(1, 1)σl
Θ, lΩ
f4
(z∞, z¯∞)〉
(2.10)
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which will be used to derive various three point functions by factorization. Our calcula-
tions are based on the path integral formalism [13]. Since we are only interested in their
moduli dependence we dropped the fermionic part. Note that from this part additional
selection rules [24] arise.
The action is bilinear in the fields Xj , therefore the path integral representation of the
twisted vacuum configuration (2.10) splits into two factors, one coming from the classical
instanton solutions Xcl(z, z¯) and the other describing the quantum fluctuations around
them [13]. The calculation can be performed independently in every subspace [19] due
to the block–diagonal B field. To proceed we make use of the ZM orbifold structure
(2.5) in every complex subspace. We choose an auxiliary orbifold to calculate the part
of the correlation function which corresponds to the jth two dimensional subspace. For
Mkj ,Mlj we define their greatest common divisor φj and Mkj = φjkoj , Mlj = φjloj .
The corresponding twist Ξ of the ZM orbifold is defined to have the complex phases
ξj = e
2pii
φj
M , j = 1, . . . , d/2. Now we calculate, for every subspace, four point correlation
functions with twist orders koj , loj associated to the ZM orbifold. This is already done in
[18]. For the case of fixed planes e. g. kj = 0 (ϕj = 1) we will not get any contribution
from these subspaces1 in the classical action if we restrict us here to a two twist field
coupling instead of a four point coupling. The problem with fixed tori is treated in
[25, 22].
After determining the space group selection [22] rule for every subspace one may put
them together in one equation:
(1−Θk
Θ
Ωk
Ω
)f21 + (1−Θ
lΘΩl
Ω
)f43 = (1−Θ
kΘΩk
Ω
)T1 + (1−Θ
lΘΩl
Ω
)T2 , (2.11)
with fab := fa − fb and T1, T2 ∈ Λ. For the final result (2.10) we get
Z{fi}(x, x¯) = (2π)
d
2 |x|
−4hσ
(kΘ, kΩ)

 d/2∏
j=1
j 6=ℑ
(1− x)−lj(1−kj)(1− x¯)−kj(1−lj)
Ij(x, x¯)

 ∑
v∈(1−Θk
Θ
Ωk
Ω
)(f21+Λ˜)⊥
u∈(f23+Λ)⊥
e−S[G,B;v,u] .
(2.12)
Here VΛ is the volume of a unit cell of Λ and Λ˜ = −T1 +
1−Θl
Θ
Ωl
Ω
1−Ξ
Λ. The classical action
evaluated for the instanton solutions is denoted by S[G,B; v, u], since it depends on the
vectors v, u and on G ,B. For details see [18, 22]. Note that the summation range does
not depend on the particular choice of T1 and T2 as long (2.11) is fulfilled [18].
The function Ij(x, x¯) is given by
Ij(x, x¯) := J2jG1j(x¯)H2j(1− x) + J1jG2j(x)H1j(1− x¯) , (2.13)
with (the hypergeometric function is abbreviated by F (a, b; c; x))
G1j(x) := F (kj, 1− lj ; 1; x) , G2j(x) := F (1− kj, lj; 1; x)
H1j(x) := F (kj, 1− lj ; 1 + kj − lj ; x) , H2j(x) := F (1− kj, lj; 1 + lj − kj; x)
J1j :=
Γ(kj)Γ(1− lj)
Γ(1 + kj − lj)
, J2j :=
Γ(1− kj)Γ(lj)
Γ(1 + lj − kj)
.
(2.14)
1This projection we will denote by a ⊥ and j 6= ℑ, respectively.
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3 The three point functions
There are two kinds of three point functions involving twist fields: the coupling of two
twisting states to an untwisted sector state, and the coupling of three twisted states.
The coupling of two twisted sector states to an untwisted one is defined as
C
(kΘ, kΩ)
f2,f1;p,w
:= lim
|z∞|→∞
|z∞|
4hσ
(kΘ, kΩ) 〈V−p,−w(0, 0)σ
−kΘ, −kΩ
f1
(1, 1)σk
Θ, kΩ
f2
(z∞, z¯∞)〉 . (3.1)
Here Vp,w denotes the vertex operator [15, 16]
Vp,w = e
iP t
L
XL(z)+iP
t
R
XR(z¯) (3.2)
and (h, h¯) its conformal dimension
h =
1
2
P tRPR , h¯ =
1
2
P tLPL
with PR = p−Bw +
w
2
, PL = p−Bw −
w
2
.
The coupling can be obtained by the four point function using the general form of the
OPE [18]. Again we split the calculation into d/2 similar problems where we determine
the annihilation couplings for the ZM orbifold defined in the last chapter [22]. After
straightforward calculations we get
C
(kΘ, kΩ)
f2,f1;p,w
=

 d/2∏
j=1
j 6=ℑ
δ
− 1
2
(hj+h¯j)
kj

 e−2piif t2pt⊥eipipt⊥ 11−ΘkΘΩkΩ w δw∈(1−ΘkΘΩkΩ)(f21+Λ)⊥ , (3.3)
where hj , h¯j are the parts of the conformal dimension of the vertex operator arising from
the jth subspace and
ln δkj ≡ 2ψ(1)− ψ(kj)− ψ(1− kj) , ψ(x) ≡
d ln Γ(x)
dx
.
The Yukawa couplings are given by
Y
(kΘ, kΩ, lΘ, lΩ)
fa,fb,fc
≡ lim
|x|→∞
|x|
4hσ
(kΘ, kΩ)〈σk
Θ, kΩ
fa
(x, x¯)σl
Θ, lΩ
fb
(1, 1)σ
−(kΘ+lΘ),−(kΩ+lΩ)
fc
(0, 0)〉 . (3.4)
They vanish, unless the three point selection rule is satisfied [22]:
(1−Θk
Θ
Ωk
Ω
)fa +Θ
kΘΩk
Ω
(1−Θl
Θ
Ωl
Ω
)fb − (1−Θ
kΘ+lΘΩk
Ω+lΩ))fc
= (1−Θk
Θ
Ωk
Ω
)τa +Θ
kΘΩk
Ω
(1−Θl
Θ
Ωl
Ω
)τb = (1− Ξ)τ . (3.5)
This equation means that there must be lattice vectors τa, τb, τ which satisfy it for a
given choice of fixed points and sector numbers. As before, we do the whole factorization
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independently in every subspace. Proceeding as in [22] we arrive at the final result for
the ZN × ZM orbifold Yukawa coupling
Y
(kΘ, kΩ, lΘ, lΩ)
fa,fb,fc
= (2π)
d
4

VΛ
d/2∏
j=1
j 6=ℑ
Γkj ,lj


1
2 ∑
v∈U⊥
e−piv
t(1d+2B)Lv , (3.6)
where
U = fba − τba +
1−Θk
Θ+lΘΩk
Ω+lΩ
1− Ξ
Λ ,
Γkj ,lj =


Γ(1− kj)Γ(1− lj)Γ(kj + lj)
Γ(kj)Γ(lj)Γ(1− kj − lj)
: 0 < kj + lj < 1
Γ1−kj ,1−lj : 1 < kj + lj < 2 ,
(3.7)
and L is a block diagonal matrix whose j-th diagonal block is given by
Lj =
1
|λj|
[12 + i sgn(λj) ǫ] , ǫ =

 0 1
−1 0

 ,
λj := cot(πkj) + cot(πlj) , j = 1, . . . , d/2 .
(3.8)
As in [18] one can show that the summation range U does not depend on the particular
choice of τa and τb.
4 Duality invariance
The results given above may be used to find the action of duality on the twisted sector
ground states and to show that the full theory is duality invariant. By duality we mean
here modular duality, i.e. a symmetry acting in the orbifold moduli space. Since for
orbifolds in more than two dimensions the generators of the duality group are in general
not known, we will focus our attention on the class of duality transformations described
in [23, 26]. These are appropriately chosen compositions of the ”canonical” duality trans-
formation of toroidal compactifications and GL(d,ZZ) transformations.
We will work in the lattice basis in which the metric and the antisymmetric tensor
field read g = etGe, b = etBe, respectively. The twists Θ and Ω both have to be of the
lattice Λ. Therefore we have Θe = eQ1 and Ωe = eQ2, where Q1, Q2 are integer matrices.
The consistency conditions for (2.1) and (2.8) mentioned in section 2 read now
Qt1(g + b)Q1 = (g + b)
Qt2(g + b)Q2 = (g + b) .
(4.1)
Similarly to the case of ZN orbifolds [23, 26], there is a family of duality transformations
of ZN × ZM orbifolds parameterized by GL(d,ZZ) matrices W satisfying (Q
∗ := (Qt)−1)
W Q1 = Q
∗
1W
W Q2 = Q
∗
2W .
(4.2)
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These duality symmetries act on the background [23] by
S(g) = W
1
g − b
g
1
g − b
W t ,
S(b) = −W
1
g − b
b
1
g − b
W t ,
S(e) = e 1g − bW
t .
(4.3)
They are modular (i.e. S(g+ b) satisfies (4.1)) and they generate a large subgroup of the
full modular group.
As in the previous papers [27, 15, 22] we define the action of duality on the twist fields
in such a way that the twist-anti-twist annihilation couplings (3.3) remain invariant. If
one accompanies (4.3) with
σk
Θ, kΩ
fˆq
7→ σ˜k
Θ, kΩ
fˆq
=
1√
N⊥kΘ, kΩ
d/2∏
j=1
j 6=ℑ
[
detj(GZ − iB)
detj(GZ + iB)
]± 1
4
(1−2kj)
N⊥
kΘ, kΩ∑
a=1
e2piifˆ
t
a(1−Q
∗±kΘ
1 Q
∗±kΩ
2 )Wfˆqσk
Θ, kΩ
fˆa
,
(4.4)
where N⊥kΘ, kΩ = det⊥(1−Q
kΘ
1 Q
kΩ
2 ), then one can prove (3.3) to be invariant. The factor in
front of the sum in (4.4) is determined by requiring the invariance of the Yukawa coupling
(3.6) under (4.3) and (4.4). For details we refer the reader to [22], where this was done for
ZN orbifolds. These calculations can be generalized to the above cases. Therefore all the
correlation functions calculated in the previous sections are invariant under the combined
duality transformations (4.3) and (4.4).
Conclusion
We derived the Yukawa couplings of all ZN × ZM orbifolds in d dimensions. For our
calculation it was necessary to split the target space into d/2 two dimensional complex
subspaces. In these subspaces we could reduce the calculations to ZM orbifolds.
One could perform a coordinate transformation into the complex basis to recover the
dependence of the couplings on the d/2 untwisted (1, 1)–moduli Tj and untwisted (2, 1)–
moduli Ui. Since in general there are fixed planes, not all these Tj and Ui will give a
contribution in the moduli dependence.
In particular, for d = 3 we got couplings depending on the moduli of the six dimen-
sional orbifold compactifications [3]. They should agree at their critical points with the
couplings derived for the corresponding N = 2 tensor product models [8, 9].
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